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Let AEP~~, m > n, be a given matrix and let 2 be a matrix obtained 
by deleting any one column of A. It is well known (see, e.g., [a]) that the 
singular values 
- - 
0,30,> ... >a”-,, >o (1) 
of A” interlace with the singular values 
a,>a,> ... >a,>0 (2) 
of A, i.e., 
ak36k3ak+l, k = 1, 2, . . . . n - 1. (3) 
The inequalities (3) can be derived from the Courant-Fischer formulae 
ak= min max IlAxll k = 1, 2, . . . . n, 
Gn-&+t~vn-k+t xeG.-k+t mi-’ 
where II . II denotes the euclidean vector norm and V, --k+, is the set of all 
(n-k + 1)-dimensional subspaces of C”. In [3] J. F. Maitre and N. Huu 
Vinh take (4) as the starting point for a generalization. Let p: @” -+ R and 
q: @” + R be vector norms. The p, q-singular values uk of A are defined as 
Uk= inf P(Ax) 
G,-~+IE Vn-k+t XE%?+, q(X) ’ 
k = 1, 2, . . . . n. 
M.-J. Sodupe [4] has shown that under certain conditions on p and q 
(which are always satisfied with Holder norms) interlacing inequalities are 
valid. 
In this paper we propose a different generalization, which in the case of 
Schatten p norms also yields the interlacing property. Let 11 AlI = a, be the 
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spectral norm of A. If A rk3 denotes the kth compound of A, i.e., the 
(7) x (I;-) matrix whose entries are the k x k minors of A, and if A [‘I = (1 ), 
then 
II A ck’ II 
Ok= /(AU-U((’ k = 1, 2, . . . . n. (5) 
Replacing the spectral norms in (5) by other types of norms leads to a 
different concept of generalized singular values. To fix ideas we will use 
unitarily invariant norms. 
Put s = (:), r = [n/2]. Let g: C” -+ [w be a symmetric gauge function. For 
a matrix BEC’~~, s>a> 6, with singular values r1 >z,a ... >r, 20 
define 
MB = &‘(T,, . ..> z,,, 0, . . . . 0). 
Then 11. [lg is a unitarily invariant vector norm on Caxb (see, e.g., [2, 
pp. 4384391). In accordance with (5) we define the g-singular values of A 
by 
IIA Ck’ II 
Yk= IlAWl~, k = 1, 2, . . . . n. 
THEOREM. Ler g: C” --+ Iw be given by 
( > 
IlP 
g(x, 5 ...> xs)= i lxilp 3 pb 1. 
i= I 
rf Yk, k= 1, . . . . n, are the g-singular values of the matrix A = 
(A”‘, . . . . A’“‘)EC=(“))EF’~~, man 
g-singular values of a matrix 2 = (A 
and if yj, j= 1, . . . . n - 1, are the 
‘(I), ..., A”- 1) A(‘+ 1) 7 3 . . . . A’“‘) then 
YkaykaYk+1, k = 1, 2, . . . . n - 1. 
Proof: We first deal with p = 1. Let the singular values of A and 2 be 
given as in (2) and ( 1). Then 
JIA(I,=g(a,, . . . . crn)=o, + ‘.. +o,=e,(~,, . . . . a,) 
and 
/(Atk’(( g =c, . ..a.+ ... +o n k+l _ . . on = ek(b,, . . . . o,), 
where ek denotes the kth elementary symmetric function, and e, = 1. Put 
Yk+ ltxl 3 ..., xn) = 
ek+l (x 1, . . . . X”) 
ek(X1, . . . . -d ’ 
k=O, 1, . . . . n- 1. 
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Then 
dY k+l e:(x* > . . . . x,)-ek+ I(x2T . . . . &) ekp Itx2? . . . . xn) -= 
ax, 4x1, x2, . . . . x,1 
If the x:s are real then (see, e.g., [ 1, p. 111) 
4(x2, . . . . x,) > ek + 1(x2? . . . . x,) ekp ,(x2, . . . . x,) (6) 
and 
Hence yk(xi, . . . . x,) is an a nondecreasing function in each argument xi. 
From (3) follows 
YktB,, . . . . a,,) 2 Ykt61, ..., z:, - 1) (7) 
or 
Yk 2 Y”k> k=1,2 ,..., n-l. 
For the second part of the proof we observe that (6) is equivalent to 
[xlek(x2, . . . . xn) + ek+ ,cx2, . . . . x,)l ek- 1(x2, . . . . xn) 
< [Xlek--ItX2, . . . . x,) + ek(x2, . ..? xn)l ek(x2y . . . . xn)y 
which is the same as 
ek+l (x I, . . . . xH) ekp Itx2, . . . . .d < ek(xI, . . . . -%) ek(x2, . . . . .d 
Hence 
Ykfl =Yk+l(gl> ...) On)= 
ek+l (0 1, . . . . a,) 
ek(ol, . . . . On) 
We know from (7) that c2 < ~?i, . . . . CJ,, 6 5,- i implies 
Therefore 
yk(a,, . . . . 0,) 6 Yk(c.l, “‘9 6,-,) = jjk. 
Yk+l G’?k, k= 1, 2, . . . . n- 1, 
which completes the proof for the case p = 1. 
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For general p we have 
I$= e,(af, . . . . a,“) k = 1, 2, . . . . n. 
ek-l (a;, . ..) a$ 
If p > 1 then (3) implies 
okpZ6[2@+,, k= 1, 2, . . . . n- 1. 
and as before the interlacing property is preserved. 1 
Remark. In the case p = 1 there is a sharp upper bound for 
the difference yk - jjk. Put en=0 and cS~=~,-G~, i=l,.,., n. From 
Theorem 16 in [ 1, p. 333 follows 
“?k - ?k d Ykth,, . ..> &z). 
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